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Abstract
We study the Abelian and non-Abelian action density near the monopole in the
maximal Abelian gauge of SU(2) lattice gauge theory. We find that the non-Abelian
action density near the monopoles belonging to the percolating cluster decreases
when we approach the monopole center. Our estimation for the monopole radius is
Rmon  0.06 fm.
1 Introduction
The monopole connement mechanism in SU(2) lattice gauge theory is conrmed by
many numerical calculations, for recent reviews see, e.g., [1]. In the maximal Abelian
projection monopole currents form one big cluster and several small clusters. The big
cluster, we call it infrared (IR) cluster, percolates and is known to be responsible for
the connement of quarks [2]. The properties of the small clusters are very dierent and
their eect is not expected to survive in the continuum limit. We will call small clusters
ultraviolet (UV) clusters. Here we will concentrate on the structure of the monopoles
by measuring the full non-Abelian and Abelian actions at the centers of the monopoles.
Actually, this kind of measurements have been reported earlier [3, 4]. Namely, it was
shown that the non-Abelian action on the plaquettes close to the monopole trajectory is
larger than the average plaquette action, SSU(2).
The novel point here is that we distinguish between the properties of the monopoles
belonging to the UV and IR clusters. In particular, the measurements demonstrate for
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the rst time that the above mentioned excess of the action in case of IR clusters goes
down for smaller lattice spacing, or larger β. In this sense, the structure of the IR and
UV monopoles turns out to be dierent. One can say, therefore, that the monopoles in
the IR clusters are condensed due to their special anatomy.
To motivate the interest in measurements of the type we are reporting here, let us
notice that one does expect a nontrivial structure of the monopoles. Compare the com-
pact electrodynamics (cQED) and non-Abelian (SU(2)) theory. In the former case the
plaquette action
βU(1)S
cQED = βU(1) cos θP , (1)
resembles the action of SU(2) lattice gauge theory after the maximal Abelian projection.
Indeed, the functional R[U ] entering the denition of the maximal Abelian gauge,
max
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; θ, χ 2 [−pi, +pi) , ϕ 2 [0, pi) , (3)




cos 2ϕl . (4)
Thus, the maximization of R, eq. (2), corresponds to the maximization of the absolute
values of the diagonal elements of the link matrix (3). Since the SU(2) plaquette action
is β 1
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Tr UP , at large values of β the link matrices are close to unit matrix up to gauge
transformations. Thus at large values of β in the maximal Abelian gauge cosϕl is close
to unity (due to (2) and (4)), ϕl is small and SU(2) plaquette action has the form:
βSSU(2) = β [cos θP cos ϕ1 cos ϕ2 cos ϕ3 cos ϕ4 + O(sin ϕl)] . (5)
The larger β is, the smaller are sin ϕl. It is a temptation then in the limit β !1 to
substitute SAPSU(2) = cos θP for S
SU(2) . On the other hand, at small values of the bare
charge (or at large values of β) the compact electrodynamics is in the deconning phase
while the gluodynamics is in the connement phase. The monopoles are condensed in
the Abelian projected lattice gluodynamics at any value of β [5]. If we come back to the
monopole connement mechanism, a natural question arises: \Why at large values of cor-
responding β monopoles are not condensed in cQED and are condensed in gluodynamics
if the actions of these theories are close to each other?"1
A rather common answer to this question (see, e.g., [4]) is that the action of the
o-diagonal gluons, Soff , on the plaquettes near the monopole should be negative and
1Here we neglect complications due to Faddeev-Popov determinant.
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compensate the Abelian part of the action, SAPSU(2). Although the logic seems convincing,
there has been no sign so far that the full non-Abelian action measured in the lattice units
diminishes once the monopole center is probed on lattices of smaller and smaller lattice
spacing [3, 4]. As is mentioned above we nd that the crucial element, missed so far, is
in fact necessity to distinguish between monopoles belonging to the UV and IR clusters.
Another important question to be addressed here is the numerical value of the size
of the monopole. We dene the size as the distance from the monopole center to the
point where the action density has maximal slope (see Sect. 3). As we shall see, the
size of the monopole turns out to be rather small numerically. This observation supports
speculations on the existence of a numerically large mass scale in the non-perturbative
physics, see, e.g., [6, 7] and references therein.
In the next section we will summarize the current views on the anatomy of the
monopoles. In section 3 we present our data and discuss briefly their implications.
2 Monopoles on the lattice and in the continuum
Let us rst remind the reader the backbone of the theory of the monopole condensation
in the compact photodynamics [9]. In this case the monopoles are classical solutions.






where H is the magnetic eld, a is the ultraviolet cut o which we identify with the
lattice spacing and 1/e2 appears because of the Dirac quantization condition. Note that
the Dirac string does not contribute to the energy (6) because of the compactness of the
U(1). Otherwise it would result in a quadratically divergent piece (for further details and
references see [10]). Eq. (6) implies that the probability to nd a monopole trajectory of
the length L is suppressed by the action as expf−const L/(e2 a)g. This suppression can
be overcome, however, for e2  1 by the entropy factor. Indeed, the number of trajectories
of the length N grows exponentially with L, N  exp(ln 7 L/a) where the constant ln 7
is of pure geometrical origin. A detailed quantitative analysis along these lines as well as
further references can be found in [11].
If we would try to transfer this picture with Abelian monopoles directly onto the
non-Abelian case, the conclusion would be that there is no monopole condensation in
gluodynamics. Indeed, because of the asymptotic freedom g2(a) ! 0 if a ! 0. Thus, one
substantiates the dual superconductor model of the connement with dynamical consider-
ations like the following. Let us start increasing the lattice spacing a la Wilson. Then the
corresponding eective coupling g2 grows according to the renormgroup equations. The
same coupling governs any of the U(1) subgroups and once g2 reaches the value where the
U(1) monopoles condense (see above) the condensation occurs in the non-Abelian theory
as well. In this way one readily understands that there exists one monopole per volume of
order (QCD)
−3 so that the monopoles survive in the continuum limit. However, since the
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running of the coupling is a pure quantum eect there is no much hope to build up theory
of the matching of a quasi-classical, Abelian-like eld conguration at large distances with
perturbative-vacuum fluctuations at short distances.
To reconcile the picture with Abelian monopoles at large distances and the asymptotic
freedom at short distances one is led to the assumption that at short distances the non-
Abelian degrees of freedom are important and result in cancellation of the Abelian action.
There is no much problem to work out examples of eld congurations which would look
as monopoles in their Abelian part but are trivial as far as the full non-Abelian theory is








where σa are the Pauli matrices and ra is the radius vector. There is another representation




Ω0 = iσana, na = ra/r .
The tensor structure of the gauge potentials (7), (8) is similar to the doubly charged
t’Hooft-Polyakov solution. On the other hand, the non-Abelian action of this congura-
tion identically vanishes. A more elaborated example of monopole conguration can be
found in Ref. [8].
It is worth emphasizing that there are two dierent ways of looking at the monopoles
in non-Abelian theories. First, one can think in terms of an analogy with the ’t Hooft-
Polyakov monopoles which are classical solutions to the Yang-Mills equations with a
triplet of matter elds. If we were dealing with a solution, the entropy factor would be
produced by counting small fluctuations around the classical eld. However, there are no
fundamental Higgs elds in the gluodynamics. As a result, one changes the strategy of
dening the monopoles [12]. Namely, they are dened now as purely topological defects,
with no direct relation to the density of the non-Abelian action. According to the original
idea of Ref. [12] one can choose any color vector and (partially) x the gauge by rotating
the vector to the third direction. Such gauge xing fails when all the components of the
vector vanish at some point2. The observation crucial for our discussion is that vanishing
of the vector gives three conditions which in the D=4 case dene line-like defects which
are nothing else but the monopole trajectories. On the other hand, requiring F aµν = 0 at
the center of the monopole would give too many constraints. Therefore, the example (7)
is too restrictive and we expect (F aµν)
2  4QCD at the monopole center.
Since the action density is measured in the lattice units it is convenient to consider an
expansion of the form:












2The definition of the monopoles within the maximal Abelian gauge is in fact a slight modification of
this procedure. The monopoles are identified now with singular potentials.
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Then the theoretical expectation is that all the ultraviolet divergent pieces vanish:
ci = 0 . (10)
Otherwise, the action factor would suppress the monopoles by exp(−const L/a) and the
monopoles would have never been observed. Only terms of order exp(−const/g2(a)) or
powers of a are allowed in the r.h.s. of Eq. (9). Moreover, we expect that the series
actually starts with the a4 term. Indeed, the monopole eld is of order (F aµν)mon 
2QCD as discussed above. The perturbative elds, on the other hand, are of order a
−2.
However, there is no reason to expect any interference between the perturbative and
monopole contributions, at least upon the averaging. Thus the excess of the action near
the monopoles is to vanish proportional to a4 if measured in the lattice units. This
prediction seems absolutely safe and is actually another manifestation of the asymptotic
freedom.
The prediction of the a4 behavior holds in the academic limit a ! 0. It is a dierent
matter of course how close to this limit the existing lattices are. In the next section
we will present rst indications that indeed the excess, as measured in the lattice units,
decreases with the decreasing lattice size. However, it is too early to claim that the excess
is indeed vanishing at a ! 0. In this sense the measurements presented in this paper can
be considered as a rst step in studying the monopole anatomy.
3 Numerical results
We have performed measurements of the full non-Abelian action, S
SU(2)
mon , on the plaquettes
closest to the monopole trajectory. The computations have been performed on lattices
124 for β = 2.3, 2.4, 164 for β = 2.45, 204 for β = 2.5, 2.55 and 244 for β = 2.6. We thus
kept our physical volume > 1.5fm. We made 20 measurements on 124 and 204 lattices,
15 measurements on 164 lattice and 17 measurements on 244 lattice.
To x MA gauge we employed the simulated annealing (SA) algorithm. It is known
that this algorithm is vital for reducing the uncertainty due to Gribov copy eects in the
gauge non-invariant observables computed in MA gauge [13]. Our SA algorithm imple-
mentation is essentially the same as in [13] with the exception that we increased the total
number of SA sweeps up to 2000. To further reduce bias due to Gribov copies we made
gauge xing for 5 randomly generated gauge copies for every Monte Carlo conguration.




mon on the plaquettes closest to the monopole trajectory, we dis-
criminate between the monopoles belonging to the IR and UV clusters. In Fig. 1 we show
the dependence of ASU(2) = 6β < S
SU(2)
mon − SSU(2) > on the half of the lattice spacing,
a/2, in fermi 3. Note that the factor 6β is introduced here to make convenient the com-
parison of the action the entropy factors, see below. The explanation of the scale of the
3We find the correspondence between the bare charge and lattice spacing by fixing the value of the
string tension σ = 440 MeV and using the numerical data [14] for the string tension in lattice units, σ a2.
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Figure 1: The dependence of ASU(2) on a/2.





































Figure 2: The same as in Fig. 1 for AAbel.
horizontal axis, that is a/2, is the following. Since < S
SU(2)
mon > is measured on the six
plaquettes which are faces of the cube dual to the monopole current, this corresponds to
the measuring the average eld strength on the distance a/2 from the monopole center.
The circles on Fig. 1 correspond to the calculation which takes into account all the
monopoles, the squares correspond to the monopoles belonging to the percolating cluster.
In Fig. 1 we compare the average action on the six plaquettes nearest to the monopole
center with the ln 7 (dashed line). As is mentioned above, the ln 7 is a geometrical constant
determining the monopole entropy. The action in the lattice units for the percolating
monopoles should not exceed ln 7, see, e.g., [11, 15] and references therein. The results of
the calculation of the Abelian action near the monopole, Aabel = 6β < SAbelmon − SAbel >,




the plaquettes nearest to the monopole trajectory.
The results of the measurements presented in Figs. 1, 2 can be summarized as follows:
 Our main observation is that ASU(2) for the monopole belonging to the IR cluster
decreases when we approach the monopole center.
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 The smaller value of ASU(2) for the IR monopole clusters is the reason why the
monopoles percolate. Indeed, it is a necessary condition for the percolation that
the action (in the lattice units) is smaller than ln 7. The data in Fig. 1 demonstrate
that this condition is satised for the IR monopoles. On the other hand, the action
averaged over all the monopoles is very close or exceeds ln 7. Which means in turn
that the action for the UV monopoles is too large to allow for their percolation.
 From Fig. 1 we can estimate the monopole radius, that is the point where ASU(2) for
monopole cluster has maximal derivative. Our estimation is: Rmon  0.06 fm. Note
that in Ref. [15] it was found that the monopole condensation starts for monopoles
approximately of the same physical size as Rmon determined in the present paper.
 AAbel for monopoles belonging to IR and UV clusters is approximately the same.
Thus there is no dierence in the Abelian part of the monopole elds in IR and UV
clusters.
 AAbel increases when we approach the center of the monopole. There is no known
explanation of this eect. Note that the closer we are to the center (the larger β)
the larger lattice we have to use since the properties of the IR monopole cluster are
strongly aected by the nite volume eects [2].
To summarize, we have shown that the phenomenon of the monopole condensation
in the lattice gluodynamics is due to a special anatomy of the monopoles belonging to
the IR cluster. This is the rst direct evidence demonstrating partial cancellation of the
Abelian and commutator terms in the full non-Abelian action. On the other hand, in the
limit a ! 0 one would expect much faster vanishing of the excess of the action than it
was observed so far.
Since the theoretical prediction on the vanishing of the excess of the action at small
a seems very reliable (see the preceding section) the results obtained are to be rather
interpreted in terms of various scales of the non-perturbative physics. Indeed, the distance
between nearest monopoles in the IR cluster is about 0.5 fm, as can be extracted from
the data in Ref. [2]. Now we observe for the rst time that the excess of the action at the
monopole center goes down on the lattice with smaller lattice spacings. The corresponding
radius turns out to be small numerically, Rmon  0.06 fm. Moreover, even a smaller scale
might emerge in future. Indeed, in the limit a ! 0 we should have the a4 behavior for the
excess of the action which is not yet in sight at present. Thus, there appears a hierarchy
of scales all of which are formally of the same order,  QCD. Note that existence of such
hierarchies has already been conjectured on various grounds. First, a great variety of scales
is manifested through QCD sum rules [6]. Further evidence has been accumulated via
various lattice measurements, see [7] and references therein. In particular, very recently
the relevance of the scale of order 2 GeV was revealed through the measurements of the
< A2 > vacuum condensate. This scale would roughly correspond to the monopole radius
R  0.06fm which we are observing.
The fact that we do not observe the a4 behavior of the dierence < Smon − S >, see
Fig. 1, can plausibly be also explained by systematic errors in our calculations. Indeed, we
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did not study the scaling behavior neither of the monopole radius nor of < Smon − S >.
Such an investigation is rather time consuming but still can be performed if we vary the
monopole radius in lattice units (if we use the so called extended monopoles). Another
source of systematic errors is the separation of IR and UV clusters. It is known [2] that
clear separation of the largest cluster is only possible on the lattices of large enough size.
It might be that our data especially at small values of a correspond to IR cluster with
some admixture of UV clusters. Simulations on larger lattices are necessary to clarify
the fate of the continuum limit of the monopole anatomy. Although investigation of the
systematic errors certainly deserves further attention let us notice that the very closeness
of the excess of the action to the ln 7 testies to the fact that at the scale of  0.06fm
the monopoles can be treated as point-like. Indeed for extended objects the counting of
the entropy would also change.
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